We propose a self-consistent scheme for the determination of the fictitious temperature in thermallyassisted-occupation density functional theory (TAO-DFT) [J.-D. Chai, J. Chem. Phys., 2012, 136, 154104], a very efficient electronic structure method for studying nanoscale systems with strong static correlation effects (which are "challenging systems" for traditional electronic structure methods). In comparison with semilocal density functionals in Kohn-Sham density functional theory (KS-DFT), the corresponding semilocal density functionals in TAO-DFT (with the self-consistent fictitious temperature) provide significant improvement for systems with strong static correlation effects (e.g., the dissociation of H 2 and N 2 and twisted ethylene), and retain very similar performance for systems without strong static correlation effects (e.g., thermochemistry, kinetics, and reaction energies), yielding a much more balanced performance for both types of systems than those in KS-DFT. Besides, a reliably accurate description of noncovalent interactions can be efficiently achieved via the inclusion of dispersion corrections in TAO-DFT. Relative to the previous system-independent fictitious temperature scheme in TAO-DFT, the present self-consistent fictitious temperature scheme in TAO-DFT is generally superior in performance for a very broad range of applications.
I. Introduction
Over the last 20 years, Kohn-Sham density functional theory (KS-DFT) 1 has been a very popular electronic structure method for the ground-state properties of large systems, due to its delicate balance between cost and performance. 2 However, since the exact exchange-correlation (XC) energy functional E xc [r] (i.e., the essential ingredient of KS-DFT) has not been known, density functional approximations (DFAs) for E xc [r] have been consecutively developed to extend the applicability of KS-DFT to a wide range of systems.
Functionals based on the conventional semilocal DFAs, such as the local density approximation (LDA) 3, 4 and generalized gradient approximations (GGAs), [5] [6] [7] are reasonably accurate for properties governed by short-range XC effects, and are computationally efficient for very large systems (for brevity, hereaer we adopt "DFAs" for "the conventional semilocal DFAs"). Nevertheless, the DFA XC functionals in KS-DFT (KS-DFAs) can yield erroneous results in situations where an accurate description of nonlocal XC effects is necessary. [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] Since the 1990s, numerous efforts have been made by researchers to reduce the qualitative failures of KS-DFAs at affordable computational costs. In particular, an accurate prediction of the ground-state properties of systems with strong static correlation effects (i.e., multi-reference (MR) systems) has been a very important and challenging subject in KS-DFT. 8, [14] [15] [16] [17] [18] Within the framework of KS-DFT, the conventional DFA, [3] [4] [5] [6] [7] global hybrid, 19, 20 range-separated hybrid, [21] [22] [23] [24] [25] [26] and double-hybrid 27 XC functionals can lead to unreliable results for MR systems, due to the inappropriate treatment of static correlation. Fully nonlocal XC functionals, such as those based on the random phase approximation (RPA), can be essential to provide a reasonably accurate description of static correlation. However, these functionals are computationally very demanding, which limits their application only to small systems. 2, 9, 28, 29 To address these challenges with minimum computational complexity, Chai has recently developed thermally-assistedoccupation density functional theory (TAO-DFT), [16] [17] [18] a density functional theory with fractional orbital occupations given by the Fermi-Dirac distribution function (controlled by a ctitious temperature q), wherein strong static correlation is explicitly described by the entropy contribution (e.g., see eqn (26) of ref. 16 ). Unlike nite-temperature density functional theory (which is developed for the thermodynamic properties of physical systems at nite temperatures), 30 TAO-DFT is all of which are very challenging systems for traditional electronic structure methods! Nevertheless, as the optimal q in TAO-DFT is closely related to the strength of static correlation, [16] [17] [18] it should be sufficiently small for SR systems, and can span a wide range of values for MR systems. Therefore, for the DFA functionals in TAO-DFT (TAO-DFAs), it is impossible to adopt a common (systemindependent) q that is optimal for both SR and MR systems. To go beyond the previous TAO-DFAs (with a systemindependent q), in this work, we propose an iterative scheme for the self-consistent determination of q for TAO-DFAs, yielding very promising performance for a wide variety of SR and MR systems. The rest of this paper is organized as follows. First, we briey review the formulation of TAO-DFT. Secondly, we dene and discuss a number of properties associated with the reference system in TAO-DFT, yielding a stability index in TAO-DFT. Thirdly, we develop a self-consistent scheme for the determination of q (based on the stability index), and examine the performance of TAO-DFAs (with the self-consistent q) for various SR and MR systems. Finally, we give our conclusions and future plans.
II. TAO-DFT

A. Self-consistent equations
Consider a physical system of N a up-spin and N b down-spin electrons moving in an external potential v ext (r) at zero (physical) temperature. In spin-polarized (spin-unrestricted) TAO-DFT, 16, 17 one adopts the thermally-assisted-occupation (TAO) reference system, which is an auxiliary system with N a up-spin and N b down-spin noninteracting electrons at the ctitious (reference) temperature q (measured in energy units), with the corresponding thermal equilibrium density distributions r s,a (r) and r s,b (r) exactly equal to the up-spin density r a (r) and downspin density r b (r), respectively, of the original interacting (physical) system at zero temperature. The resulting selfconsistent equations for the s-spin electrons (s ¼ a or b) are given by (i runs for the orbital index) 
where the TAO orbital occupation numbers (TOONs) {f i,s }, are given by the Fermi-Dirac distribution function
and the chemical potential m s is chosen to conserve N s (i.e., the number of s-spin electrons),
The formulation of spin-polarized TAO-DFT yields the two sets (one for each spin function) of self-consistent equations, eqn (1) to (5), for r a (r) and r b (r), respectively, which are coupled with the ground-state density 
The self-consistent procedure described in ref. 16 may be adopted to obtain the converged {3 i,s }, {f i,s }, {j i,s (r)}, r a (r), and r(r). Subsequently, the noninteracting kinetic free energy
is evaluated as the sum of the kinetic energy
and entropy contribution
of noninteracting electrons at the ctitious temperature q. Accordingly, the Helmholtz free energy of the TAO reference system at the ctitious temperature q is given by
while the ground-state energy of the physical system at zero temperature is given by
where (9)), when the distribution of TOONs {f i,s } (related to the chosen q) is close to the distribution of the natural orbital occupation numbers (NOONs) for an interacting (physical) system. 40 This suggests that a q related to the distribution of NOONs should be adopted for TAO-LDA to adequately describe strong static correlation effects. Nonetheless, for the sake of simplicity, an optimal system-independent q ¼ 7 mhartree for TAO-LDA was previously dened as the largest q value for which the performance of TAO-LDA (with this q) and that of KS-LDA (i.e., the q ¼ 0 case) remain comparable for SR systems. Consequently, TAO-LDA (with q ¼ 7 mhartree) was shown to consistently outperform KS-LDA for MR systems (due to the appropriate treatment of static correlation), while performing comparably to KS-LDA for SR systems (i.e., in the absence of strong static correlation effects).
To go beyond TAO-LDA with similar computational complexity, in 2014, Chai also developed TAO-GGAs, 17 and the orbital energy gaps of TAO-LDA and TAO-GGAs (i.e., TAO-DFAs) should be similar, 10 the optimal q values for all TAODFAs should remain similar. Therefore, the optimal systemindependent q ¼ 7 mhartree can be adopted for all TAO-DFAs.
[r a ,r b ] for the nearly uniform electron gas. However, for a small q value (i.e., 7 mhartree), their difference was found to be much smaller than the difference between two distinct XC functionals. Therefore, E LDA q [r a ,r b ] may also be employed for TAO-GGAs. TAO-DFAs (with q ¼ 7 mhartree) were indeed shown to consistently outperform the corresponding KS-DFAs (i.e., the q ¼ 0 cases) for MR systems, while performing comparably to the corresponding KS-DFAs for SR systems. TAO-GGAs were found to be superior to TAO-LDA in performance for a broad range of SR systems. Besides, the inclusion of dispersion corrections in TAO-DFAs was found to yield an efficient and reasonably accurate description of noncovalent interactions.
To provide an improved description of nonlocal exchange effects, in 2017, Chai further developed the global and rangeseparated hybrid schemes in TAO-DFT, 18 incorporating the exact exchange into TAO-DFAs. With a few simple modica-tions, the conventional global hybrid and range-separated hybrid XC functionals in KS-DFT can be combined seamlessly with TAO-DFT. Similar to TAO-DFAs, a global hybrid functional in TAO-DFT was also shown to provide a reasonably accurate description of static correlation, when the distribution of TOONs {f i,s } (related to the chosen q) is close to the distribution of NOONs. Note that a global hybrid functional with a larger fraction of exact exchange yields larger orbital energy gaps, 10 and hence requires a larger q value to retain a similar distribution of TOONs in TAO-DFT. In the system-independent q scheme, a linear relationship between the optimal q value and the fraction of exact exchange a x was established for a global hybrid functional in TAO-DFT. Global hybrid functionals in TAO-DFT (with the optimal system-independent q values) were found to consistently outperform the corresponding global hybrid functionals in KS-DFT (i.e., the q ¼ 0 cases) for MR systems, while performing comparably to the corresponding global hybrid functionals in KS-DFT for SR systems. Relative to TAO-DFAs, global hybrid functionals in TAO-DFT were shown to be generally superior in performance for a wide range of applications. In addition, the inclusion of dispersion corrections in hybrid TAO-DFT was also found to lead to an efficient and reasonably accurate description of noncovalent interactions.
C. System-independent q scheme TAO-DFT with DFA and global hybrid functionals in the aforementioned system-independent q scheme is conceptually simple, easy to implement, computationally efficient, and reasonably accurate for a wide range of SR and MR systems.
16-18
Furthermore, the analytical computation of nuclear gradients is readily available for this scheme, which is crucially important for the efficient optimization of molecular geometries. Therefore, this scheme can be promising for the study of ground states of large SR and MR systems. However, as with all approximate electronic structure methods, some limitations remain. While the DFA and global hybrid functionals in TAO-DFT (with the optimal system-independent q values) perform comparably to the corresponding DFA and global hybrid functionals in KS-DFT (i.e., the q ¼ 0 cases) for several SR systems, some results remain noticeably different (e.g., atomization energies and noncovalent interactions), 17, 18 wherein the smaller q values should be adopted. On the other hand, the DFA and global hybrid functionals in TAO-DFT (with the optimal systemindependent q values) can provide insufficient amounts of static correlation for some MR systems (e.g., the dissociation of H 2 and N 2 and twisted ethylene), [16] [17] [18] wherein the larger q values should be employed. Accordingly, to improve the performance of the DFA and global hybrid functionals in TAO-DFT for a wide range of SR and MR systems, the optimal q could be related to the stability (i.e., the SR/MR character) of systems.
To improve upon the system-independent q scheme, in the following sections, we dene and discuss various properties associated with the TAO reference system, which are shown to be useful for the denition of a stability index in TAO-DFT. In addition, we express the optimal q of a system as a function of the stability index, yielding a self-consistent scheme for the determination of optimal q in TAO-DFT.
III. Various properties of the TAO reference system
Here, we dene and discuss various properties associated with the TAO reference system, which can be obtained rather straightforwardly from standard TAO-DFT calculations at essentially no extra computational cost.
For a physical system with N s s-spin (s ¼ a or b) and N s sspin (i.e., opposite-spin) electrons in an external potential v ext (r) at zero (physical) temperature, the TAO reference system (i.e., an auxiliary system with N s s-spin and N s s-spin noninteracting electrons at the ctitious temperature q) is adopted in spinpolarized TAO-DFT. 16, 17 As mentioned previously, the Helmholtz free energy of the TAO reference system at the ctitious temperature q is given by (see eqn (10))
where {3 i,s } and {3 i,s } are the TAO orbital energies (see eqn (1)), and {f i,s } and {f i,s } are the TOONs given by the Fermi-Dirac distribution function (see eqn (4))
and m s and m s (see eqn (5)) are the chemical potentials chosen to conserve N s and N s , respectively,
Removing a s-spin electron from the TAO reference system at xed v s,s (r) and v s,s (r) (i.e., {3 i,s } and {3 i,s } remain unchanged, respectively) yields the Helmholtz free energy
for the remaining (N s À 1) s-spin and N s s-spin electrons in the TAO reference system. Here, the s-spin TOONs {f
as the chemical potential m 0 s needs to be adjusted to conserve the number of the remaining (N s À 1) s-spin electrons,
Therefore, the s-spin ionization potential of the TAO reference system can be dened as
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Similarly, adding a s-spin electron to the TAO reference system at xed v s,s (r) and v s,s (r) (i.e., {3 i,s } and {3 i,s } remain unchanged, respectively) yields the Helmholtz free energy
for the resulting (N s + 1) s-spin and N s s-spin electrons in the TAO reference system. Here, the s-spin TOONs {f 00 i,s } are rearranged based on the Fermi-Dirac distribution function
as the chemical potential m 00 s needs to be adjusted to conserve the number of the resulting (N s + 1) s-spin electrons,
Accordingly, the s-spin electron affinity of the TAO reference system can be dened as
Consequently, the s-spin TAO gap can be dened as
At q ¼ 0, TAO-DFT reduces to KS-DFT, wherein I s,s ¼ À3 N s ,s (the negative of the orbital energy of the s-spin HOMO (highest occupied molecular orbital)), A s,s ¼ À3 N s +1,s (the negative of the orbital energy of the s-spin LUMO (lowest unoccupied molecular orbital)), and hence
In addition, the ionization potential of the TAO reference system can be dened as
the minimum energy required to remove an electron from the TAO reference system at xed v s,s (r) and v s,s (r). Similarly, the electron affinity of the TAO reference system can be dened as
the maximum energy gained when an electron is added to the TAO reference system at xed v s,s (r) and v s,s (r). Accordingly, the TAO gap can be dened as
At q ¼ 0, TAO-DFT reduces to KS-DFT, wherein I s is the negative of the HOMO energy, A s is the negative of the LUMO energy, and hence D TAO is the HOMO-LUMO gap.
IV. Self-consistent q scheme for TAO-DFAS
A. Stability index in TAO-DFT: D MST For a spin-unpolarized system with high stability (i.e., low chemical reactivity), the exact NOONs should be very close to either 0 or 1, the optimal q in TAO-DFT should be vanishingly small, and hence the corresponding TAO gap (D TAO ), which should be very close to the HOMO-LUMO gap in KS-DFT for this system, should be very large. In KS-DFT, the HOMO-LUMO gap (or a closely related quantity, the global hardness) has been commonly adopted as an important stability index for a spinunpolarized system. [41] [42] [43] [44] [45] [46] [47] Accordingly, in TAO-DFT, we adopt the TAO gap as the stability index for a spin-unpolarized system. The larger the TAO gap, the more stable the spin-unpolarized system.
For a spin-polarized system, the a-spin TAO gap (D TAO,a ) and the b-spin TAO gap (D TAO,b ), which serve as the stability indexes for the a-spin electrons and b-spin electrons, respectively, of the system can be different. Therefore, to have a unique description for the system stability, we adopt the maximum spin TAO gap
as the stability index for a spin-polarized system. In contrast to the HOMO-LUMO gap (which depends only on the HOMO and LUMO energies), D MST generally depends on the ctitious temperature q, TAO orbital energies, and TOONs in TAO-DFT. Note however, that D MST can be easily obtained from standard TAO-DFT calculations at essentially no extra computational cost. For a spin-unpolarized system, D MST reduces to D TAO .
B. Determination of the self-consistent q
As previously mentioned, the ctitious temperature q in TAO-DFT should be chosen so that the distribution of TOONs is close to that of NOONs. 16, 17 In this situation, the strong static correlation effects can be adequately described by the entropy contribution. While the exact NOONs are intractable for large systems (due to the exponential complexity), some common characteristics are summarized as follows. Since SR systems do not have signicant amounts of static correlation, the exact NOONs should be close to either 0 or 1, which can be properly simulated by the TOONs in TAO-DFT (with a sufficiently small q). However, for MR systems, the distribution of NOONs can be diverse (due to the varying strength of static correlation), and hence, the optimal q in TAO-DFT can span a wide range of values. As shown in ref. 16 and 17, the optimal systemindependent q for TAO-DFAs is about 40 mhartree for the dissociation of H 2 and N 2 , and about 15 mhartree for twisted ethylene. Therefore, for TAO-DFAs, it is impossible to adopt a system-independent q that is optimal for a wide range of SR and MR systems.
To rectify the above situations, it is essential to go beyond the system-independent q scheme. In the present scheme, we express the ctitious temperature of a spin-polarized system
as a simple function of D MST (i.e., the stability index for the system). Note that q 0 and D 0 are universal parameters (i.e., the same for all systems). Here, erfc is the complementary error function, the maximum ctitious temperature
is dened as the optimal system-independent q for TAO-DFAs for the dissociation of H 2 and N 2 , 16,17 and D 0 is the characteristic gap. On the basis of eqn (31), the larger the D MST , the smaller the q, and hence, the more stable the system. Note that q is vanishingly small for a system with a D MST much larger than D 0 , and q ¼ q 0 can be achieved only for a system with a vanishing D MST . Accordingly, eqn (31) provides a smooth and monotonic transition between the two limits:
For a given D 0 , the self-consistent q of a spin-polarized system can be obtained as follows: (i) choose a trial q (between 0 and q 0 ); (ii) with this q, follow the self-consistent procedure described in ref. 16 to obtain the converged TAO orbital energies {3 i,s } and TOONs {f i,s }; (ii) determine D TAO,s by eqn (26) , D MST by eqn (30) , and new q by eqn (31) . This process is repeated, until self-consistency is attained.
All calculations are performed with a development version of Q-Chem 4.3.
48 Spin-restricted theory is used for singlet states and spin-unrestricted theory for others, unless noted otherwise. For the interaction energies of the weakly bound systems, the counterpoise correction 49 is adopted to reduce the basis set superposition error (BSSE). Results are computed using the 6-311++G(3df,3pd) basis set with the ne grid EML(75,302), consisting of 75 Euler-Maclaurin radial grid points and 302 Lebedev angular grid points, unless noted otherwise. The error for each entry is dened as (error ¼ theoretical value À reference value). The notation adopted for characterizing statistical errors is as follows: mean signed errors (MSEs), mean absolute errors (MAEs), root-mean-square (rms) errors, maximum negative errors (Max(À)), and maximum positive errors (Max(+)).
For a system with a non-vanishing D MST (e.g., a SR system),
Therefore, for SR systems, the performance of TAO-DFAs (with a sufficiently small D 0 ) in the present scheme should be very similar to that of the corresponding KS-DFAs (i.e., the q ¼ 0 cases). Accordingly, the numerical investigations described in ref. 16 can be adopted to dene the optimal D 0 value for TAO-DFAs in the present scheme.
In this work, the performance of TAO-LDA (with D 0 ¼ 5, 10, 15, ., and 100 mhartree) in the present scheme is examined for the SR systems: the reaction energies of the 30 chemical reactions in the NHTBH38/04 and HTBH38/04 sets. 50, 51 The optimal D 0 value for TAO-LDA in the present scheme is dened as the largest D 0 value for which the difference between the rms error of TAO-LDA (with this D 0 ) in the present scheme and that of KS-LDA (i.e., the q ¼ 0 case) is less than 0.1 kcal mol À1 for the 30 reaction energies. On the basis of our numerical investigations (see Fig. 1 ), the optimal characteristic gap for TAO-LDA is estimated to be
In the present self-consistent q scheme, our preliminary TAO-LDA results show that the converged q value for each system studied is unique (within the numerical accuracy of our calculations, i.e., 0.01 mhartree), regardless of the choice of initial trial q values. Therefore, for all the TAO-DFA calculations in this work, we adopt the initial trial q ¼ 7 mhartree, unless noted otherwise.
As mentioned previously, the orbital energy gaps of TAO-LDA and TAO-GGAs (i.e., TAO-DFAs) should be similar, and hence, the same optimal characteristic gap (given by eqn (33)) can be adopted for all TAO-DFAs in the present scheme. To further conrm this, we examine the performance of TAO-LDA and various TAO-GGAs (with the self-consistent q given by eqn (31)- (33)) on the 30 reaction energies. For brevity, hereaer the self-consistent q given by eqn (31)- (33) is denoted as q*. The results are compared with those obtained from the corresponding KS-DFAs (i.e., the q ¼ 0 cases) and TAO-DFAs (with the optimal system-independent q ¼ 7 mhartree). 17 For the choice of TAO-GGAs, we adopt TAO-PBE, TAO-BLYP, and TAO-BLYP-D, which are the PBE, 5 BLYP, 6,7 and BLYP-D (i.e., BLYP with dispersion corrections)
12 XC functionals (together with the LDA q-dependent energy functional E LDA q ) in TAO-DFT. 17 At q ¼ 0, TAO-LDA, TAO-PBE, TAO-BLYP, and TAO-BLYP-D reduce to KS-LDA, KS-PBE, KS-BLYP, and KS-BLYP-D, respectively. (31) and (32)). The rms error of KS-LDA (i.e., the q ¼ 0 case) is numerically the same as that of TAO-LDA (with D 0 ¼ 5 mhartree) in the present scheme for the 30 reaction energies.
As shown in Table 1 , the 30 reaction energies calculated using TAO-LDA, TAO-PBE, TAO-BLYP, and TAO-BLYP-D (with q*) are indeed very similar to those calculated using KS-LDA, KS-PBE, KS-BLYP, and KS-BLYP-D, respectively (see Table S1 in ESI †). By contrast, the results obtained with TAO-DFAs (with q ¼ 7 mhartree) are only qualitatively similar to those obtained with the corresponding KS-DFAs (i.e., the q ¼ 0 cases).
C. Results and discussion for the test sets
For a comprehensive comparison, we assess the performance of TAO-LDA, TAO-PBE, TAO-BLYP, and TAO-BLYP-D (with the q* and system-independent q values) on various test sets, including both SR and MR systems.
1. uB97 training set. The uB97 training set 23 contains various types of popular databases, involving
The 223 atomization energies (AEs) of the G3/99 set,
52-54
The 40 ionization potentials (IPs), 25 electron affinities (EAs), and 8 proton affinities (PAs) of the G2-1 set, 55 The 76 barrier heights (BHs) of the NHTBH38/04 and HTBH38/04 sets,
50,51
The 22 noncovalent interactions of the S22 set.
56
Since these systems do not possess much static correlation, the exact NOONs should be close to either 0 or 1, and hence can be properly simulated by the TOONs of TAO-DFAs (with a sufficiently small q). Table 2 summarizes the statistical errors of TAO-LDA, TAO-PBE, TAO-BLYP, and TAO-BLYP-D (with various q values) for the uB97 training set (see Tables S2 to S4 in ESI †). While the results obtained from TAO-DFAs (with the optimal systemindependent q ¼ 7 mhartree) 17 are qualitatively similar to those obtained from the corresponding KS-DFAs (i.e., the q ¼ 0 cases), some results remain noticeably different (e.g., the AEs of the G3/99 set), showing the limitations of TAO-DFAs (with q ¼ 7 mhartree). By contrast, TAO-DFAs (with q*) perform very similarly to the corresponding KS-DFAs for the entire uB97 training set! Therefore, it can be anticipated that the accuracy of KS-DFAs can essentially be transferred to that of the corresponding TAO-DFAs (with q*) for a wide range of SR systems, revealing the signicance of the present scheme. Relative to TAO-LDA, TAO-GGAs provide enormous improvement for the AEs of the G3/99 set, the EAs and PAs of the G2-1 set, and the BHs of the NHTBH38/04 and HTBH38/04 sets, due to the improved treatment of short-range XC effects. For the IPs of the G2-1 set, TAO-GGAs perform slightly better than TAO-LDA. For the noncovalent interactions of the S22 set, KS-BLYP-D and TAO-BLYP-D (i.e., the dispersion-corrected functionals 13 in KS-DFT and TAO-DFT, respectively) are reliably accurate, while all the other functionals perform poorly.
2. Dissociation of H 2 and N 2 . H 2 dissociation (a singlebond breaking system) is particularly challenging for KS-DFT owing to the presence of strong static correlation effects. Due to the symmetry constraint, the spin-restricted and spinunrestricted dissociation energy curves of H 2 obtained from the exact theory must be the same. Consequently, we can adopt the difference between the spin-restricted and spin-unrestricted dissociation limits obtained from an approximate electronic structure method as a quantitative measure of the static correlation error (SCE) of the method. 8, 14 Due to the inaccurate description of static correlation, the conventional DFA, global hybrid, range-separated hybrid, and double-hybrid XC functionals in spin-restricted KS-DFT can yield enormous SCEs for the dissociation of H 2 .
16 By contrast, spin-restricted TAO-DFAs (with a q around 40 mhartree) can dissociate H 2 correctly (yielding vanishingly small SCEs) to the respective spinunrestricted dissociation limits, which is intimately related to that the distribution of TOONs (related to the chosen q) agrees reasonably well with that of NOONs.
16,17
To investigate the performance of the present scheme for the SCE problems, the potential energy curves (in relative energy) for the ground state of H 2 are calculated using spin-restricted TAO-LDA with various q values (see Fig. 2 ), where the zeros of energy are set at the respective spin-unrestricted dissociation limits. The reference curve is obtained from the coupled-cluster theory with iterative singles and doubles (CCSD), 57 which is equivalent to the exact full conguration interaction (FCI) method for any two-electron system. 58 Near the equilibrium bond length of H 2 , where the SR character is dominant, TAO-LDA (with q*) performs very similarly to KS-LDA (i.e., the q ¼ 0 case), matching reasonably well with the exact CCSD curve. Nevertheless, it has a noticeable SCE at the dissociation limit, where the MR character is signicant. By contrast, while spinrestricted TAO-LDA (with q ¼ 40 mhartree) performs less satisfactorily at the equilibrium geometry, it can dissociate H 2 correctly (i.e., possessing a vanishingly small SCE) to the respective spin-unrestricted dissociation limit.
To assess if this is relevant to the distribution of TOONs, we plot the occupation numbers of the 1s g orbital for the ground state of H 2 as a function of the internuclear distance R, calculated using spin-restricted TAO-LDA with various q values (see Fig. 3 ), where the reference data are the FCI NOONs (1.9643 at R ¼ 0.741Å (the equilibrium bond length), 1.5162 at R ¼ 2.117 A, and 1.0000 at R ¼ 7.938Å). 58 As can be seen easily, the 1s g orbital occupation numbers of spin-restricted TAO-LDA (with q ¼ 40 mhartree) match reasonably well with the FCI NOONs, which is closely related to the vanishingly small SCE of TAO-LDA (with this q). Similar results are also found for TAO-PBE, TAO-BLYP, and TAO-BLYP-D (see Fig. S1 and S2 in ESI †). Accordingly, in TAO-DFT, it is indeed essential to adopt a q that is related to the distribution of NOONs. Fig. 2 Potential energy curves (in relative energy) for the ground state of H 2 , calculated using spin-restricted TAO-LDA with the q* and system-independent q values. The q ¼ 0 case corresponds to spinrestricted KS-LDA. The reference curve is calculated using the CCSD theory (exact for any two-electron system). The zeros of energy are set at the respective spin-unrestricted dissociation limits. Fig. 3 Occupation numbers of the 1s g orbital for the ground state of H 2 as a function of the internuclear distance R, calculated using spinrestricted TAO-LDA with the q* and system-independent q values. The q ¼ 0 case corresponds to spin-restricted KS-LDA. The reference data are the FCI NOONs. 58 Here, we plot the q* values for the ground state of H 2 as a function of the internuclear distance R, calculated using spinrestricted TAO-LDA, TAO-PBE, and TAO-BLYP/TAO-BLYP-D in the present scheme. As shown in Fig. 4 , the q* values of spinrestricted TAO-DFAs are vanishingly small near the equilibrium bond length of H 2 (i.e., in the absence of strong static correlation effects), and approach some constant values (about 15.5 mhartree) at the respective dissociation limits (i.e., in the presence of strong static correlation effects).
It is noteworthy that similar results are also found for N 2 dissociation (a triple-bond breaking system), where experimental results are also presented for comparison. 59, 60 As shown in Fig. 5 , spin-restricted TAO-LDA (with q ¼ 40 mhartree) can dissociate N 2 properly (leading to a vanishingly small SCE) to the respective spin-unrestricted dissociation limit, which is highly correlated with the fact that the occupation numbers of the 3s g (see Fig. 6 ) and 1p ux (see Fig. 7 ) orbitals for the ground state of N 2 as functions of the internuclear distance R, calculated using TAO-LDA (with this q), agree reasonably well with the corresponding NOONs of MR conguration interaction (MRCI) method (i.e., the reference data). 61 Nevertheless, spinrestricted TAO-LDA (with q ¼ 40 mhartree) performs less satisfactorily near the equilibrium bond length of N 2 , where the SR character is pronounced. By contrast, TAO-LDA (with q*) performs very similarly to KS-LDA (i.e., the q ¼ 0 case) near the equilibrium geometry, and performs reasonably well (yielding a small SCE) at the dissociation limit. Similar results are also found for TAO-PBE, TAO-BLYP, and TAO-BLYP-D (see Fig. S3 to Fig. 6 Occupation numbers of the 3s g orbital for the ground state of N 2 as a function of the internuclear distance R, calculated using spinrestricted TAO-LDA with the q* and system-independent q values. The q ¼ 0 case corresponds to spin-restricted KS-LDA. The reference data are the NOONs of the MRCI method. ) at R ¼ 1.098Å (i.e., the equilibrium bond length)) are the experimental results. 59, 60 The zeros of energy are set at the respective spin-unrestricted dissociation limits. S5 in ESI †). Unsurprisingly, the q* values (see Fig. 8 ) of spinrestricted TAO-DFAs are vanishingly small near the equilibrium bond length of N 2 , and approach some constant values (about 28.0 mhartree) at the respective dissociation limits. This highlights the importance of the present scheme in TAO-DFT.
3. Twisted ethylene. Owing to the presence of strong static correlation effects, the torsion of ethylene (C 2 H 4 ) has been a challenging subject in KS-DFT. When the HCCH torsion angle is 90
, the p(1b 2 ) and p*(2b 2 ) orbitals in ethylene should be degenerate. Nonetheless, spin-restricted KS-DFT is unable to adequately describe such degeneracy, leading to a torsion potential with an unphysical cusp and a far too high barrier.
To assess how spin-restricted TAO-DFT improves upon these problems, we plot the torsion potential energy curves (in relative energy) for the ground state of twisted ethylene as a function of the HCCH torsion angle, calculated using spin-restricted TAO-LDA with various q values (see Fig. 9 ), where the zeros of energy are set at the respective minimum energies. The experimental geometry of ethylene (R CC ¼ 1.339Å, R CH ¼ 1.086Å, and : HCH ¼ 117.6 ) 62 is adopted in the calculations. On the basis of the spin-restricted TAO-LDA results, the unphysical cusp can be removed with q* or a system-independent q larger than or equal to 7 mhartree. Besides, an accurate torsion barrier can be obtained from TAO-LDA (with q ¼ 15 mhartree), when compared with the torsion barrier obtained from the complete-activespace second-order perturbation theory (CASPT2), that is, 65.2 (kcal mol
À1
).
63 While TAO-LDA (with q*) consistently outperforms KS-LDA (i.e., the q ¼ 0 case) and TAO-LDA (with q ¼ 7 mhartree), the predicted torsion barrier remains a bit too high.
To examine if this is also relevant to the distribution of TOONs, we plot the occupation numbers of the p(1b 2 ) orbital for the ground state of twisted ethylene as a function of the HCCH torsion angle, calculated using spin-restricted TAO-LDA with various q values. As shown in Fig. 10 , the p(1b 2 ) orbital occupation numbers of spin-restricted TAO-LDA (with q ¼ 15 mhartree) match reasonably well with the half-projected NOONs of complete-active-space self-consistent eld (CASSCF) method (i.e., the reference data), 64 which is closely related to the accurate torsion potential energy curve obtained from TAO-LDA (with this q). Similar results are also found for TAO-PBE, TAO-BLYP, and TAO-BLYP-D (see Fig. S6 and S7 in ESI †). Again, this emphasizes the importance of adopting a q related to the distribution of NOONs in TAO-DFT.
Here, we plot the q* values for the ground state of twisted ethylene as a function of the HCCH torsion angle, calculated using spin-restricted TAO-LDA, TAO-PBE, and TAO-BLYP/TAO-BLYP-D in the present scheme. As shown in Fig. 11 , the q* values of spin-restricted TAO-DFAs are vanishingly small near the equilibrium geometry of ethylene (i.e., in the absence of strong static correlation effects), and reach the respective Fig. 10 Occupation numbers of the p(1b 2 ) orbital for the ground state of twisted ethylene as a function of the HCCH torsion angle, calculated using spin-restricted TAO-LDA with the q* and system-independent q values. The q ¼ 0 case corresponds to spin-restricted KS-LDA. The reference data are the half-projected NOONs of the CASSCF method (HPNO-CAS).
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Fig. 9 Torsion potential energy curves (in relative energy) for the ground state of twisted ethylene as a function of the HCCH torsion angle, calculated using spin-restricted TAO-LDA with the q* and system-independent q values. The q ¼ 0 case corresponds to spinrestricted KS-LDA. The reference data are the CASPT2 results. 63 The zeros of energy are set at the respective minimum energies. maximum values (about 15.5 mhartree) as the HCCH torsion angle is 90 (i.e., in the presence of strong static correlation effects).
V. Conclusions
In summary, we have developed an iterative scheme for the selfconsistent determination of the ctitious temperature q in TAO-DFT. In particular, TAO-DFAs (with the self-consistent ctitious temperature, i.e., q*) have been shown to greatly improve upon the corresponding KS-DFAs (i.e., the q ¼ 0 cases) and TAO-DFAs (with the optimal system-independent q ¼ 7 mhartree) for MR systems (e.g., the dissociation of H 2 and N 2 and twisted ethylene), while performing very similarly to the corresponding KS-DFAs for SR systems (e.g., thermochemistry, kinetics, and reaction energies). It is expected that the accuracy of KS-DFAs could essentially be transferred to that of the corresponding TAO-DFAs (with q*) for a wide range of SR systems. Therefore, TAO-DFAs (with q*) can treat both SR and MR systems at the nanoscale in a much more balanced way than the corresponding KS-DFAs, revealing the importance of the present scheme! Besides, an approach combining TAO-DFAs and dispersion corrections has been shown to yield an efficient and reasonably accurate description of noncovalent interactions. Relative to TAO-LDA, TAO-GGAs are generally superior in performance for a broad range of applications, such as thermochemistry, kinetics, and reaction energies.
In addition, as the orbital energy gaps of TAO-LDA and TAOGGAs are similar, the self-consistent ctitious temperature in TAO-DFT is, essentially, DFA insensitive (e.g., see Fig. 4, 8 and  11 ). Therefore, for computational efficiency, it is possible to design an algorithm that can obtain the self-consistent cti-tious temperature with TAO-LDA, and then adopt this value to calculate properties with a more sophisticated TAO-DFA.
Despite some progress, there remains room for improvement in the present scheme. By construction, TAO-DFAs (with q*) can perform better than the corresponding TAO-DFAs (with q ¼ 7 mhartree) 17 for a wide range of SR and MR systems. However, the former are computationally more expensive than the latter for single-point energy and geometry optimization calculations. For the efficient optimization of molecular geometries, the development of analytical nuclear gradients for TAO-DFAs (with q*) will be essential, which can greatly enhance their applicability to large systems with strong static correlation effects. In addition, different stability indexes (see eqn (30) ) and different types of functions (see eqn (31) ) may also be adopted for the representation of q in TAO-DFT, which may further improve the accuracy of the present scheme for general applications. We plan to pursue some of these issues in the near future.
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